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1. Introduction

Nonlinear coupled partial differential equations are very
important in a variety of scientific fields, especially in fluid
mechanics, solid state physics, plasma physics, plasma waves,
capillary-gravity waves and chemical physics. The nonlinear wave
phenomena observed in the above mentioned scientific fields, are
often modeled by the bell-shaped sech solutions and the kink-
shaped tanh solutions. The availability of these exact solutions, for
those nonlinear equations can greatly facilitate the verification of
numerical solvers on the stability analysis of the solution. Several
direct methods for obtaining the explicit travelling solitary wave
solutions to nonlinear evolution equations have been recently
proposed, such as the homogeneous balance method [1], the tanh-
function method [2], the sine—cosine method [3], the extended tanh-
function method [4], the modified tanh-function method [5] and the
Jacobi elliptic function expansion method [6], and so on. The key
idea of these generalized methods are to use the solutions of an
auxiliary ordinary differential equation to replace tanh({) in the
tanh-function method.

This paper outlines the implementation of very efficient and
reliable technique which is called Tanh method for solving
Kawahara and modified Kawahara equations which are very
important in applied sciences. The Tanh method is a powerful
technique to symbolically compute traveling wave solutions of one-
dimensional nonlinear wave and evolution equations. In particular,
the method is well suited for problems where dispersion,
convection, and reaction diffusion phenomena play an important
role [7].

2. Outline of the Tanh Method

The tanh method will be introduced as presented by Malfliet
[8] and by Wazwaz [9-11]. The tanh method is based on a priori
assumption that the traveling wave solutions can be expressed in
terms of the tanh function to solve nonlinear Differential Equations.
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The tanh method is developed by Malfliet [8]. The method is
applied to find out exact solutions of nonlinear differential
equations:

P (U, Ug, Uy, Usg oo )=0 (1)

where P is a polynomial of the variable u and its derivatives.
Consider the transformation variable & = k(x+ At), so that

u(x,t) =U(<g)

then can use the following changes by chain rule:

2,0 o _jd
ot d& OX d&
o2 _ 2 d? o3 3 d3
ox? de?’ ox3 de3’

Qu.,u’,u”, ... ) =0 )

with @ being another polynomials form of there argument, which
will be called the reduced ordinary differential equations of Eq.(1).
Integrating Eq.(2) as long as all terms contain derivatives, the
integration constants are considered to be zeros in view of the
localized solutions. However, the nonzero constants can be used
and handled as well. Now finding the traveling wave solutions to
Eq.(1) is equivalent to obtaining the solution to the reduced
ordinary differential Eq. (2). For the tanh method, we introduce the
new independent variable

Y (x,t) =tanh(®) 3)

that leads to the change of variables:
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The next crucial step is that the solution is expressed in the form:

u(x,t) =U (&) = > &Y' )

i=0

where the parameters m, n can be found by balancing the highest-
order linear term with the nonlinear terms in EQ.(2), and

K,A,8g,8,...., &y are to be determined. Substituting Eq.(5) into
Eq.(2) will yield a set of algebraic equations
fork,i,ao,al,----,ambecause all coefficients of Y have to

vanish. From these relations, K,A4,8g,84,...., 8ncan be

obtained. Having determined these parameters, knowing that m , n
are positive integers in most cases, and using Eq.(5) we obtain
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analytic solutions u(x,t) in a closed form [12]. The tanh method

seems to be powerful tool in dealing with nonlinear physical
models.

. Numerical Applications:

The tanh method is generalized on two examples including
Kawahara and modified Kawahara equations.

Example 1. Consider the following Kawahara equation [13]:
Ui + a.UUy + LUy — 7 Uyooox =0 (6)

Where &, ,3 y» ¥/ are nonzero constants. Kawahara equation (6)

occurs in the theory of magneto-acoustic waves in a plasmas [13]
and in the theory of shallow water waves with surface tension [14].

For &X = ,3 =Y =1Eq.(6) becomes:
Up + UUy + Uy — Uy =0 (7)
Making the transformation U(X,t) =u(&), and & =X—At

then integrating once with respect to & with zero constant, Eq.(7)
becomes:

— AU +%u2+u”—u(4>=o ®

we postulate the following tanh series, and the transformation given
in Eq.(4), then Eq.(8) reduces to:
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2
_ U +1u2 —2Y(1—Y2)d—U+(1—Y2)2d—U
2 dy dy?
—8\((2—3\(2)(1—\/2)O'—U
9
+4(2-9Y2)(Q-Y )ZOI Y +12Y (L-Y )3Cl Y
d*u
1-Y?)* =0
A=Y =— e

Now, to determine the parameter m we balance the linear term of
highest-order with the highest order nonlinear terms. So, in Eq. (9)

we balance U (® with U 2, to obtain 8+ m—4 = 2m, then m = 4.

The tanh method admits the use of the finite expansion for :

u(x,t) =U(Y)=ap +aY +a,Y 2 +agY3+a,Y?,
ay =0 (10)

Substituting U/,U//,U///,U(4) in Eg. (9), then equating the

coefficient of Y', i= 0, 1, 2, 3,.....8 leads to the following
nonlinear system of algebraic equations:

YO —ﬂa0+%a§+18a2—24a4:0
vy1: —Jda, +aja —18a +126a5; =0

Y 2 :—Ja, +aga, +%a12+108a4 +144a, =0 (11)

Y3: —Jag+agay+aya, +42a —5%4ay +96a, =0
Y4 —Jda, +aga, +a,ag +%a§ —42a, —1248a, =0

Y S : a1a4 + azag +828a3 —17234 — 243.1 =0

Journal of Al Rafidain University College 26 ISSN (1681 — 6870)



Traveling Wave Solutions using.... Anwar J., Thair S. Issue No. 30/2012

' :a2a4+%a§—72a2—608a4 =0
Y 7 : aga, —360az+96a, =0

Y8 %a§—408a4 -0

Solving the nonlinear systems of equations (11) we can get the
following cases:

Case 1. ay=2252, A1=1124, a, =816 , a3 =-171, a, =647,
al 2495

Then:

Uy (X t) =2252 +495 tanh (x —1124 t) + 647 tan h? (x—1124 1)

—171tanh® (x —1124 t)+816 tanh* (x —1124 1)

(12)
Case 2. ap =0, 1=3015, a4, =816 , a,=-171, a, =647,
al = 495
Then:

U, (x t) =495 tanh (x —3015 t) + 647 tanh? (x —3015 1)
—171tanh® (x —3015t) +816 tanh* (x —3015 1)

(13)
Case 3. ap=0, A=460, a, =816 , a,=-171, a, =647,
a1=495
Then:

Journal of Al Rafidain University College 27 ISSN (1681 — 6870)



Traveling Wave Solutions using.... Anwar J., Thair S. Issue No. 30/2012

Uz (X t) =495 tanh (x —460 t)+ 647 tanh? (x — 460 1)
—171tanh® (x —460 t)+816 tanh* (x — 460 t)
(14)

Case 4. ag=61+65i, 1=65i, a, =816 , a,=-171, a, =647,
a; =495
Then:

Uy (X t) =61+ 65i +495 tanh (x — 65 it)+ 647 tanh? (x — 65it)
—171tanh® (x —65i t)+816 tanh* (x — 65 it)
(15)

The solitary wave and behavior of the solution u, (X, t)is shown in
Figure (1).

Figure (1). The solitary wave and behavior of the
solutionu, (X, t). For0<t<1and0<x<1

Example 2. we consider the modified Kawahara equation

2
U +Uy +U Uy + PUyy — QUysoox =0 (16)

Journal of Al Rafidain University College 28 ISSN (1681 — 6870)



Traveling Wave Solutions using.... Anwar J., Thair S. Issue No. 30/2012

where p, q are nonzero real constants. This equation also arises in
the theory of shallow water waves [14]. Making the transformation

u(x,t) =u(&), and &=X+ At then integrating once with
respect to & with zero constant, Eq.(16) becomes:

(A+1u +%u3 +pu”’ —qu® =0 a7

we postulate the following tanh series, and the transformation
given in Eq.(4), then Eq.(17) reduces to:

(A+U +%U3+ p[—2Y(1—Y2)(;_ 1-Y )zd U]
—q[8Y (2-3Y?)(1-Y )__4(2 oY 2)(1_Y 2)? ziu
_ 3d3U 4d U,
12Y (1-Y?) +(1-Y?) dY4]_O

(18)

Now, to determine the parameter m we balance the linear term of
highest-order with the highest order nonlinear terms. So, in Eq.(18)

we balance U P with U 3, to obtain 8+ m —4 =3m, thenm = 2.
The tanh method admits the use of the finite expansion for :

u(x,t)=U(Y)=ag+aY +a,Y?, a,#0 (19)

ol @),

Substituting U /,U in Eqg. (18) we get:

Journal of Al Rafidain University College 29 ISSN (1681 — 6870)



Traveling Wave Solutions using.... Anwar J., Thair S. Issue No. 30/2012

(A+1)(ag +aY +a,Y %)+ (% a5 +adaY +(ada, +atay)Y?

+ (% a’ +2apqa,)Y 2 + (a%ay + ata,)Y 4 + a;a5Y > + %ag’YG)

+2pla, —Ya; —4a,Y 24 a1Y3 + 3a2Y4]
+q[16a, —8a;Y —136a,Y % + 40a,Y ° + 240a,Y *
—24a,Y° —120a,Y°]=0

(20)

By equating the coefficient of Y', i=0, 1, 2, 3,....,6 in Eq.(20)
leads to the following nonlinear system of algebraic equations:

Y (A+1)a, +%a8+2pa2 +ql6a, =0
¢:(2+1)a1+a§a1—2pa1—8qa1=0

\? (A+Da, + agaz + alzao —8pa, —136qa, =0

\? :%af’ + 2agaya, +2pyy +400a; =0 (21)
\L(1 ) a%ao +a12a2 +6pa, +240qa, =0

\? ) a1a§ —24qa, =0

\?:%a%—lZOqaz =0

Solving the nonlinear systems of equations (21) we can get the
following cases:
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Case 1. ayg=0, &a=8i\/3q, a,=6y10q, A1=729-1
(22)
Then:

Uy (% t) =+/o{B8v/3 tani [ x + (720 -1) ]+ 6:/10 tanh? [ x + (72q -1) ]}
(23)

Case2. ay=0, a =8i./3q, a,=2,6q, 1=729-1
Then:

Uy (% 1) =+/q{8v3 tani[ x + (720 -1) t] + 24/6 tanh? [ x + (72q -1) t]}
(24)

Case3. ay=0,a =6i,/2q, a,=6,10q, 1=72q-1
Then:

Us (% t) =+/aq{6+/2 tani [ x + (729 -1) t]+6+/10 tanh? [ x + (72q -1) t]}
(25)

Case4. ap=0,a =6i/2q, a,=2,/6q, 1=72q-1
Then:

Uy (% t) =+/a{6~/2 tani [ x + (72q -1) ]+ 2+/6 tanh? [ x + (72 -1) ]}
(26)

Case5. ap=0, a, =8i/3q, a, =6,/10q, A1 =—(8q+1)
Then:

Us (% t) =+/q{8v/3 tani[ x — (8q +1) t]+6+10 tanh? [ x — (8q +1) ]}
(27)

Case6. ap=0, a1:8i\/ﬁ, a, :2\/6_q, A=—(80+1)

Journal of Al Rafidain University College 31 ISSN (1681 — 6870)



Traveling Wave Solutions using.... Anwar J., Thair S. Issue No. 30/2012
Then:

Ug (% 1) =4/q{8/3 tani [x —(8q +1) t]+2+/6 tanh? [x—(8q +1) t]}
(28)

Case7. ay=0, a =6i,/2q, a, =6,/10q, 1 =—(8q+1)
Then:

u; (% t)=/q{6+/2 tani[x — (8q +1) t]+6+/10 tanh? [x —(8q +1) ]}
(29)

Case8. ap=0, a =6i/2q, a, =2./6q, 1=—(8q+1)
Then:

Ug (% t) = /{62 tani [ x — (8q +1) t]+2+/6 tanh® [x —(8q +1) t]}
(30)

. Conclusion:

The tanh method was employed for analytic treatment of
nonlinear partial differential equations. The tanh method requires
transformation formulas. Traveling wave solutions, kinks solutions
were derived. Solutions of two examples by the Tanh Method
demonstrate the effectiveness and convenience in solving Nonlinear
PDEs compared with other methods.
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@i 311 QB A8y aladinly ( Kawahra) cislaa Jgla

AP UL A5 daaa piaa gila
faalad) a8l ) A0S daalall a8l A0S
salitual)

A5 ) Vsl Jad (30 JIall) 5 e il (B andl Vi i o
by R Aape C¥oles (a) AajEdl BRI Gels 5, Al
G slul A geus cllall cuiy (U=l Kawahara , Kawahara) < ales
a5 1 A ) Alalitl Yol i b LeeliS 5 L 5 pa 5 A el iy L)
e A el Alalitll Y sl Jal
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