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Abstract: In this work, we have transformed the 

multivariate to unitevariate system, and studied the 

elimination and duplication matrices, using proposed 

approach depends on some algebra principle. And, a 

connection has been made between these two 

matrices with each of the ( υec ) and ( υ ) operators 

for matrices.  

Several examples are given to illustrate the 

applications which is used to define and specialize 

the elimination and duplication matrices. 
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1.  Introduction  

  

 The usefulness of the elimination and duplication matrices is 

demonstrated in mathematical statistics, matrix algebra and 

numerical analysis field [1].  

If  A  is a square matrix of order n, its (1/2)n(n+1) supradiagonal 

elements are redundant. If we eliminate these elements from  υecA  

(The column  vector stacking the columns of  A ), this defines a 

new vector of order (1/2)n(n+1) which we denote as  υ(A).  

The matrix which, for arbitrary A, transforms  υecA  into υ(A)  is 

the elimination matrix  L, first mentioned by Tracy and Singh 

(1972) and later by Vetter (1975) and Balestra (1976) [2]. 

The inverse transformation from  υ(A)  to  υecA.  For lower 

triangular A, we shall see that L'υ(A) = υecA. We further introduce 

the duplication matrix  D. The matrix  D (or a matrix comparable to  

D) was previously defined by Tracy and Singh (1972), Browne 

(1974), Vetter (1975), Balestra (1976) and Nel (1978) [2].  

 The purpose of this paper, matrices  L  and  D  are used. 

Both matrices consist of zero and unite elements only, some 

necessary definitions and basic tools are given. Finally the 

multivariate system where the unknown matrix is symmetric matrix 

are solved and from any two squares matrices, symmetric matrix 

are find using  L and  D matrices. 

 

2.  Some Definitions   

  

Definitions(1): ( Elimination matrix  L ) [2,3] 

    

The ((1/2)n(n+1) , n
2
) elimination matrix L performs for 

every (n , n) matrix  A  The transformation  LυecA = υ(A).  

The matrix form of  L  as:   L = (Lij)      i , j = 1, ..., n, where: 

 

        Lij = 
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An  example, for n = 3 , is 
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Definitions(2): (Duplication matrix  D) [2,3] 

    

The (n
2
 , (1/2)n(n+1)) duplication matrix  D  perform for 

every (n , n) matrix  A  The transformation  Dυ(A) = υecA .  

The matrix form of  D  as:   D = (Dij)      i , j = 1, ..., n, where: 
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
   and   

n
ie   is the  ith  unite vector of order ( n × 1). 

An  example, for n = 3 , is 



Transform the Multivariate… Sudad K, Amaal A, Nawal F.  Issue No. 30/2012 

Journal of Al Rafidain University College         38                    ISSN (1681 – 6870) 

 D  =  

69100000
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

        

 

Definitions(3): (Matrix vector) [1,4]  

 

Let   A = (aij) be an (m × n) matrix and A.j  the j-th column 

of  A; Then υecA  is the (mn × 1) column vector. That is, 

 

  υecA =  TnAAA ... 21           

 

Definitions(4): (Matrix half vector) [2]  

 

If   A = (aij) is a matrix of order  (n × n)  its (1/2)n(n+1) 

supradiagonal elements are redundant. If we eliminate these 

elements from  υecA  , this defines a new vector of order 

((1/2)n(n+1) ×1) which we denote as  υ(A) and called matrix  half 

vector.  

 

      υ(A) =  Tnnnn aaaaaa  22212111          

 

     

3. Transform Multivariate System to Unitevariate System 

 Let A and B be known matrices of order (n × n) and  X  be 

an unknown matrix of order (n × n). The multivariate system is: 

[5,6] 

    

AX = B                                                                       …(1) 
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where  A = (aij) , B = (bij)   and  X = (xij)   i , j = 1, ..., n, 

 

from equation (1) we obtain 
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Then 
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         …(2) 

From equation(2) we have the unitevariate system as follows 
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The above system can be written as matrix form: 

 

Q υecX = υecB                                                                …(3) 

 

where  



Transform the Multivariate… Sudad K, Amaal A, Nawal F.  Issue No. 30/2012 

Journal of Al Rafidain University College         40                    ISSN (1681 – 6870) 

Q = 
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And   A = (aij)   i , j = 1, ..., n. 

 

 That is the multivariate system (equation(1)) transform to 

unitevariate system (equation(3)). 

 Now applied the elimination and duplication matrices to find 

the solution of unitevariate system (equation(3)) using Vetter's 

solution (if the solution is exist)[2], 

 

υecX = D (L Q D)
-1

 L υecB                                             …(4) 

 

where  (L Q D) is non singular. 

 

 In this paper, we find, the solution is exist if the unknown 

matrix  X is symmetric. Also we find, for any two square matrices 

we can find symmetric matrix using the equation(4). 

 This is method will be illustrated by some examples in the 

next section. 

  

 

4.  Examples: 

 The performance of the proposed approach described in the 

above section will be tested it on the following examples. 

 

Example (1): 

 Consider the following multivariate system:   AX = B 

Where: 
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A =

33411
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321











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







,X =

33333231

232221

131211







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
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

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

  

 

and the unknown matrix  X  is symmetric. 

  

Transform this system to unitevariate system as equation (3) 

we obtain: 

    

Q υecX = υecB 

where  

Q=
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At first, we find  

 

LQD= 



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


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
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
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        = 
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
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


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


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
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Then applied equation(4) and using Matlab,  we have the 

unique solution : 

  

υecX =  T210112021   , then    

 

X = 

33210

112

021
























   

 

That is, the solution is symmetric matrix 
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Example (2): 

  

Let us consider the following multivariate system of order 4: 

    





























3421

1106

5321

0213





















44434241

34333231

24232221

14131211

xxxx

xxxx

xxxx

xxxx

= 



























210625

221635

47910

121043

 

 

  

As example(1), Find   

L Q D =  

1010
3     4     0     2   0     0     1     0     0    0 

0     3     4     0     2   0     0     1     0    0 

0     1   1     0     0     0     0     6    0     0  

0     0     0     3     4     2  0     0     1     0  

0     0     0     1    1     0    0     0     6     0  

0     0     0     5     3    2    0     0     1   0  

0     0     0     0     0     0    3     4    2   1

0     0     0     0     0     0    1    1     0    6

0     0     0     0     0     0     5     3   2    1

0     0     0     0     0     0     0     2     1    3




























































 

 

where  Q matrix of order  16×16 as equation(3), L is elimination 

matrix of order 10×16 as definition(1) and D is duplication matrix 

of order 16×10 as definition(2).  

 

Then using equation(4) and Matlab, to obtain the solution  X: 

 

X = 



























3124

1113

2120

4301

   



Transform the Multivariate… Sudad K, Amaal A, Nawal F.  Issue No. 30/2012 

Journal of Al Rafidain University College         44                    ISSN (1681 – 6870) 

 

Example (3): 

  

Find the symmetric matrix from the two matrices A and B of 

order 3×3 where: 

A = 

33103

141

232
























  and     B =  

33537

1111

732
























 

 

To find the symmetric matrix  X  of order 3×3, we write the matrix 

form:   

   AX  = B 

where 

  X = 

33333231

232221

131211


















xxx

xxx

xxx

  

 

Then, transform this system as equation(3), and applied 

equation(4) with using Matlab, we give symmetric matrix as: 

 

X = 

33132

310

203




















    

 

Example (4): 

  

Let  the matrices A and B of order 4×4 as follows: 

 

A = 





























3421

1106

5321

0213

    and     B =  



























3324

1623

5112

4301
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At the same of example(3), we obtain the symmetric matrix  X  of 

order 4×4 :   

     

X = 

445851.81570.69311.12652.0

1570.68869.04485.121217.0

9311.14485.129688.210633.2

2652.01217.00633.24355.0






























 

 

5. Conclusions  

 

The main goal of this paper was to transform the 

multivariate system to unitevariate system and demonstrate that the 

elimination and duplication matrices is a powerful tool for solving 

the unitevariate system and finding symmetric matrix from any two 

square matrices. In additional to reduce the matrix of order (n
2
 × n

2
) 

to matrix of order ((1/2)n(n+1)×(1/2)n(n+1)). 

Also, we have a diagonal matrix the element of diagonal is a 

matrix coefficient and we use the Matlab program (ver.6.5) to 

calculate the inverse matrix as well as some computation. 

Finally, efficiency of this method for solving these problems 

has been approved by some examples. 

 

 

 

 

 

 

 

 

 

 

 



Transform the Multivariate… Sudad K, Amaal A, Nawal F.  Issue No. 30/2012 

Journal of Al Rafidain University College         46                    ISSN (1681 – 6870) 

References 

 

[1] Magnus, J.R. and Neudecker, H., ''The Commutation Matrix : 

Some Properties and Applications'', The Annals of Statistics, 

Vol.7, pp. 381-394, 1979. 

 

 [2] Magnus, J.R.  and  Neudecker, H., ''The Elimination Matrix : 

Some Lemmas and Applications'', SIAM Journal on Algebraic 

and Discrete Methods, Vol.1, pp. 422-449, 1980. 

 

[3] Hasan, N. F., "On Some Concepts of Elimination and 

Duplication Matrices with Applications ", M. Sc., Al-

Mustansiriy University, College of science, 2006. 

 

 [4] Henderson, H. V. and  Searle, S. R., ''Vec and Vech Operators 

for matrices with Some Uses in Jacobians and Multivariate 

Statistics'', The Canadian Journal of Statistics, Vol.7, No.1, pp. 

65-81, 1979. 

 

 [5] Anderson, T. W., ''Introduction to Multivariate Statistical 

Analysis'', 2
nd

 Additions, Wiley New York, 1984. 

 

[6] Tracy, D. S. and Sultan, S. A., "Higher Order Moment of  

Multivariate Normal Distribution Using Matrix Derivatives", 

Stochastic Anol Appl., Vol.11, No.3, pp. 337-348, 1993. 

 

 

 

 

 

 

 

 

 

 

 

 



Transform the Multivariate… Sudad K, Amaal A, Nawal F.  Issue No. 30/2012 

Journal of Al Rafidain University College         47                    ISSN (1681 – 6870) 

 

 

 

الوتغٍرات واستخذام   أحادي إلىتحوٌل النظام الوتعذد الوتغٍرات 

 بعض التطبٍقات  نسخ هعهصفوفتً الحذف وال

 
 علً هحوذ آهالد. إبراهٍند.سذاد خلٍل 

 انجايعت انًسخنصزٌت

  قسى انزٌاضٍاث / كهٍت انعهىو 

 انجايعت انًسخنصزٌت

 قسى انطزق واننقم / كهٍت انهندست

 

 نوال فاخر حسن العلً

 انزصافت /بغداد  / انًعهًٍن إعداديعهد 
                        

                           

                                  

                            

 الوستخلص

 

نعًم, دىننا اننظاو انًخعدد انًخغٍزاث إنى أدادي انًخغٍزاث, ودرسنا افً هذا  

عخًد عهى بعض يبادئ انجبز. ٌ يقخزح أسهىبيصفىفخً انذذف واننسخ, باسخعًال 

 ( نهًصفىفاث.  υ) ( وυec فىفخٍن بكم ين عايهً ) والاحصال بٍن هاحٍن انًص

عدة أيثهت أعطٍج بشكم خاص نخىضٍخ انخطبٍقاث انخً اسخعًهج نخعزٌف يصفىفخً 

 انذذف واننسخ.

 


