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 1. Introduction 

         The theory of 2-norm on a linear space has been 

introduced by Gahler in [1]. In [2], Bag and Samanta introduced a 

fuzzy norm on a linear space. The notation of a fuzzy 2-normed 

space is introduced in [3]. In this paper we prove conjugate space of 

2-normed space is complete and based on the ideas that appeared in 

[4], we introduce the definitions of fuzzy 2-bounded linear 

functional on fuzzy 2-normed space and fuzzy conjugate space of 

fuzzy 2-normed space. Thereafter we give some theorems which is 

useful to prove the completeness of fuzzy conjugate space of fuzzy 

2-normed space. 
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 2. Conjugate Space of 2-Normed Space 

    In this section we give some basic concepts in a 2-normed 

space and then study the completeness of the conjugate space. 

 

Definition (2.1), [3]: 

     Let X to be a linear space over F (where F is the field of real or 

complex numbers). A function RX:.,. 2  , satisfy the 

following axioms: 

)
1

N( 0x,x 21  if and only if 21 x,x are linearly dependent. 

)N( 2 1221 x,xx,x                                                                                                                                                                                                                                                                                                                                                                                                                                                                                         

)N( 3
.Fcanyforx,xccx,x 2121    

)N( 4 ,zx,yxz,yx   

is said to be a 2-norm on X and the pair (X, .,. ) is called a 2-

normed space. 

 

Definition (2.2), [5]: 

    Let (X, .,. ) be a 2-normed space. The linear functional T on 
2X  is said to be 2-bounded on 2X  in case there exists M>0 such 

that   

2121 x,xM)x,x(T  , for each 2

21 X)x,x(   

 

Proposition (2.3), [5]: 

     Let T be 2-bounded linear functional on a 2-normed linear 

space (X, .,. ) then  













 0x,xandX)x,x(:
x,x

)x,x(T
supT 21

2

21

21

21
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is a norm on the linear space of all 2-bounded linear functional 

defined on 2X . 

 

Definition (2.4), [5]: 

     Let ).,.,X(  be a 2-normed linear space. We denote by 

)F,X(B 2  the set of all 2-bounded linear functional on 2X  and we 

call it the conjugate space of 2X . 

 

Proposition (2.5): 

    )F,X(B 2  is a complete normed linear space. 

Proof: 

Let }T{ k  be a Cauchy sequence in )F,X(B 2  thus, 

,...2,1p,0TTlim pkk
k

 


. Also, 

21pkk21pkk x,xTT)x,x)(TT(   .Then 

2

2121pkk X)x,x(,kas0)x,x)(TT(   .Thus 

)}x,x(T{ 21k  is a Cauchy sequence in F. Since ).,F(  is complete 

then y)x,x(Tlim 21k
k




 exists in ).,F( . Define FX:T 2   by 

y)x,x(T 21   then it can be easily verified that T is 2-bounded 

linear functional. Hence  

2121pkk21pk21k x,xx,xTT)x,x(T)x,x(T  

,....2,1p,X)x,x(),(Nk 2

21  Letting p  we get 

and)(Nk,x,x)x,x(T)x,x(T 212121k  .X)x,x( 2

21   

Thus  

















0x,x,X)x,x(:
x,x

)x,x)(TT(
sup 21

2

21

21

21k
. Therefore  

)(Nk,TTk  .Then  kas0TTk . 
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Hence )F,X(B 2 is complete. 

 

3. Fuzzy Normed Linear Space and Fuzzy 2-Normed 

Linear Space:  

      In this section, some definitions and theorems are given which 

are used in this work. 

 

Definition (3.1), [2]: 

       A fuzzy subset N of RX  is said to be a fuzzy norm on a 

linear space X in case for each Xy,x   and Fc , the following 

conditions hold:- 

0teachfor0)t,x(N)FN( 1  ; 

0xifonlyandif0teachfor1)t,x(N)FN( 2   

.0teachfor)
c

t
,x(N)t,cx(NthenFc0If)FN( 3   

.Rt,seachfor})t,y(N),s,x(Nmin{)ts,yx(N)FN( 4   

,.)x(N)FN( 5 is a non-decreasing function of R and 1)t,x(Nlim
t




 

The pair (X,N) will be referred to as a fuzzy normed space 

 

Definition (3.2), [2]: 

Let (X,N) be a fuzzy normed space, a sequence }x{ n  in X 

is said to be convergent if there exists Xx  such that 

1)t,xx(Nlim n
n




 for each t>0. In this case, x is said to be limit of 

the sequence }x{ n  and we denote it by nxlim . Otherwise, the 

sequence is divergent. 
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Definition (3.3), [2]: 

 Let (X,N) be a fuzzy normed space. A sequence }x{ n  in X 

is said to be Cauchy sequence in case 1)t,xx(Nlim npn
n




for 

each t>0 and p=1,2,….  

 

Theorem (3.4), [2]: 

       Let (X,N) be a fuzzy normed space satisfying the following 

two conditions: 

)FN( 6 0ximplies0)t,x(N,0teachFor  . 

,.)x(N,0xFor)FN( 7   is a continuous function of R and strictly 

increasing on the subset .Rof}1)t,x(N0:t{   

Let ]1,0[RX:Nand)1,0(},)t,x(N:tinf{x 


 be a 

function defined by 








 

)0,0()t,x(for0

)0,0()t,x(for}tx:)1,0(sup{
)t,x(N  

Then, .NN    

 

Definition (3.5), [6]:- 

      A fuzzy subset N of RX2  into [0,1] is said to be a fuzzy 2-

norm on the linear space X in case the following axioms hold: 

.0teachfor0)t,x,x(N)FN( 211   

21212 x,xifonlyandif0teachfor1)t,x,x(N)FN(   are linearly 

dependent. 

).t,x,x(N)t,x,x(N)FN( 12213   

.0teachfor)
c

t
,x,x(N)t,cx,x(NthenRc0If)FN( 21214   

Rt,seachfor)FN( 5   

)}t,y,x(N),s,z,x(Nmin{)ts,yz,x(N   
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,.)x,x(N)FN( 216  is a non-decreasing function of R and 

1)t,x,x(Nlim 21
t




 

The pair (X,N) will be referred to a fuzzy 2-normed space. 

 

Theorem (3.6), [7]: 

      Let (X,N) be a fuzzy 2-normed space satisfying the following 

conditions: 

21217 x,ximplies0)t,x,x(N,0teachFor)FN(   are linearly 

dependent. 

)FN( 8 21 x,xFor  are linearly, )t,x,x(N 21 is a continuous function 

  of Rt  and  strictly increasing in the 

subset }1)t,x,x(N0:t{ 21  of R.  

Let )1,0(},)t,x,x(N:tinf{x,x 2121 


and 

]1,0[RX:N 2    is defined by 
















otherwise0
0t,tindependen

linearlyarex,xwhen}tx,x:)1,0(sup{

)t,x,x(N
2121

21

 

Then  

(a) norms2offamilyascendinganis)}1,0(..,{ 


 

     corresponding to the fuzzy 2-normed space (X,N). 

(b) spacenormed2fuzzyais)N,X(  . 

(c) NN   

 

4.Fuzzy Conjugate Space of Fuzzy 2-Normed Space: 

 We start this section by the following remark. 
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Remark (4.1), [2]: 

     Let ).,X(  be a normed linear space. Define 










Xx,Rt,xtif1

Xx,Rt,xtif0
)t,x(*N …………...…….(4.1) 

For each RtandXx  . Then *)N,X(  is a fuzzy normed linear 

space. 

 

Definition (4.2): 

     Let *)N,F()N,X(:T  be a linear functional where (X, N) 

be a fuzzy 2-normed linear space and *N  be a fuzzy norm defined 

in eq.(4.1). T is said to be fuzzy 2-bounded on 2X  in case there 

exists a positive number M such that, 

),
M

s
,x,x(N)s),x,x(T(*N 2121  for each s>0. We denote the set of 

all fuzzy 2-bounded linear functional on 2X  by *B . 

 

Note (4.3): 

      Let T be a fuzzy 2-bounded linear functional on 2X . If 

21 x,x are linearly dependent then 0)x,x(T 21  . 

Next, the definition of the uniformly bounded of linear 

operator with respect to the fuzzy normed space due to Bag and 

samanta appeared in [4]. With the aid of this definition we give the 

definition of uniformly 2-bounded of linear functional with respect 

to the fuzzy 2-normed space due to Narayauan and Vijayabalaji [3]. 

 

Definition (4.4): 

 Let *)N,F()N,X(:T  be a linear functional where (X,N) 

be a fuzzy 2-normed linear space  satisfying ( 7FN ) and *)N,F(  be a 

fuzzy normed space where *N  defined in eq.(4.1). T is said to be 
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uniformly 2-bounded in case there exists M>0 such that 


 2121 x,xM)x,x(T  for each )1,0( . 

 

Theorem(4.5): 

 Let (X,N) be a fuzzy 2-normed linear space satisfying ( 7FN ) 

and *)N,F()N,X(:T   be a linear functional. If T is fuzzy 2-

bounded linear functional then T is uniformly 2-bounded. 

Proof: 

 Suppose that T is fuzzy 2-bounded linear functional thus 

there exists M>0 such that 0sfor)
M

s
,x,x(N)s),x,x(T(*N 2121   

Then )s,Mx,x(N)s),x,x(T(*N 2121   

Now tMx,x 21 


 then inf{s: t})s,Mx,x(N 21   

Thus there exists ts0   such that )s,Mx,x(N 021 . This implies 

that )s),x,x(T(*N 021 . 

Hence ts)x,x(T 021  . Then 

 


 2121 x,xM)x,x(T . This implies that T is uniformly 2-bounded 

. 

Theorem (4.6): 

 *B  is a linear space. 

Proof: 

 Let *BT,T 21  , then there exist two positive numbers 

21 MandM  such that for each .X)x,x( 2

21   

0t),
M

t
,x,x(N)t),x,x(T(*N

1

21211  ,  

 and  
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0t),
M

t
,x,x(N)t,x,x(T(*N

2

21212   

Thus for any two non-zero scalars  and  we have 

)t),x,x)(TT((*N 2121   

)}
2

t
),x,x(T(*N),

2

t
),x,x(T(*Nmin{ 212211   

}
M2

t
,x,xN,

M2

t
,x,xNmin{

2

21

1

21 




























  

Choose 1}M2,M2{MaxM 21  .Thus 

21 M2MandM2M   

This implies that 0teachfor
M

t

M2

t
and

M

t

M2

t

21







. Hence 






























 M

t
,x,xN

M2

t
,x,xN 21

1

21  

and 

























 M

t
,x,xN

M2

t
,x,xN 21

2

21 . 

 Therefore, 









M

t
,x,xN)t),x,x)(TT((*N 212121  for each 0t  .  

This implies that *BTT 21   for each Rand  . Hence *B  is 

a linear space. 

 

Note (4.7): 

     Let (X,N) be a fuzzy 2-normed linear space, we call *B , the 

fuzzy conjugate space of 2X . 
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Theorem (4.8): 

 Let (X,N) be a fuzzy 2-normed linear space satisfying the  

conditions )FN( 7 and )FN( 8 . 

Then for any increasing (or decreasing) sequence }{ k  in (0,1), 


 2121k x,x

k
x,ximplies)1,0( , for each 

2

21 X)x,x(   

Proof:- 

 For 21 x,x  are linearly dependent it is clear that k  

implies 


 2121 x,x
k

x,x . Suppose 21 x,x  are linearly 

independent and let }{ k   be an increasing sequence in (0,1) such 

that ).1,0(k   Let k21 t
k

x,x 


 and tx,x 21 


. Then  

kk21 )t,x,x(N   and 

)t,x,x(N 21 ……………………………………...……....…(4.2) 

Since )}1,0(:.,.{ 


 is an increasing family of 2-norms, }t{ k  is an 

increasing sequence of real numbers and it is bounded above by t. 

Hence }t{ k  is converge. Thus k
k

k21
k

lim)t,x,x(Nlim 


 and  




)tlim,x,x(N k
k

21 …………….…………………..….……..…(4.3) 

From eq.(4.2) and eq.(4.3) we have 

)t,x,x(N)tlim,x,x(N 21k
k

21 


.Therefore, 


 2121
k

x,x
k

x,xlim  

Similarly, if }{ k  is a decreasing sequence in (0,1) and 

),1,0(}{ k    then it can be shown that 
2

212121 X)x,x(eachforx,x
k

x,x 


. 

 

Theorem (4.9): 

 Let X be a linear space and )}1,0(:.,.{ 


be an ascending 

family of 2-norms on X. Assume further that for any increasing (or 
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decreasing) sequence }{ k  in (0,1) and k  implies 


 2121 x,x

k
x,x  for each 2

21 X)x,x(  , define 



 

 

otherwise0

0t,tindependenlinearlyarex,xwhen}tx,x:)1,0(sup{
)t,x,x(N 2121

21

……………………………………………………………...…..(4.4) 

and 

)1,0(},)t,x,x(N:tinf{x,x 2121 



………...……………(4.5) 

Then )1,0(,x,xx,x 2121 



 

Proof: 

 For 21 x,x   linearly dependent it is clear that 

)1,0(,0x,xx,x 2121 



. Suppose 21 x,x  are linearly 

independent. Let ).1,0(0   Putting 0tThen.tx,x 00
0

21 


. 

From eq.(4.4) we get .)t,x,x(N 0021   Now from eq.(4.5) we get  

0
210021 x,xtx,x

 


……...…………………………..…..(4.6) 

Next let 
021 x,xr 


  

Then there exists rt1   such that 0121 )t,x,x(N  . Thus 

0121 }tx,x:)1,0(sup{ 


. If  0121 }tx,x:)1,0(sup{ 


, 

then there exists an increasing sequence }{ k  in (0,1) such that 

0k   and 1
k

21 tx,x 


. 

Thus rtx,x 1
0

21 


. On  other hand, if 

0121 }tx,x:)1,0(sup{ 


 

Then  it follows that rtx,x 1
0

21 


. 

Thus  

0
21021 x,xx,x

 


……………………………………...…...(4.7) 
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From eq.(4.6) and eq.(4.7) we get 
0

21021 x,xx,x
 


 for each 

2

21 X)x,x(  . Since )1,0(0  is arbitrary 

)1,0(,X)x,x(x,xx,x 2

212121 


  

 

Definition (4.10):- 

 Let (X,N) be a fuzzy 2-normed linear space satisfying )FN( 7  

and )FN( 8  and  T be a fuzzy 2-bounded linear functional, we  

define 


















tindependenlinearlyarex,xand)1,0(:

x,x

)x,x(T
supT 21

121

21*
 

Again we define 

 




 

 

otherwise0

)0,0()s,T(forsT:)1,0(sup
)s,T*(*N

*

……………………………………………………………….....(4.8) 

It is easy to check  that N** is a fuzzy norm on *B  

 

Lemma (4.11):- 

Let (X,N) be a fuzzy 2-normed linear space satisfying 

)FN(and)FN( 87 , N* be the fuzzy norm on  X defined in eq.(4.1) 

and T be a fuzzy 2-bounded linear functional. Let N** be the fuzzy 

norm on *B  defined by eq.(4.8) 

Let  

  )1,0(,BT)t,T*(*N:tinfT ***



…….…….….(4.9) 

Then  

***
TT


  
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Proof: 

By theorem (4.8) we have for any increasing (or decreasing) 

sequence }{ k  in (0,1) such that )1,0(k   




121
k121 x,xx,x , for each 2

21 X)x,x(  ………...….(4.10) 

If T=0 then 
***

T0T


  for each )1,0(  

If  0T  . Let )1,0(0  and putting 

0

*

0
tT 


, then 00 )t,T*(*N   

Hence from eq. (4.9) we have 
*

0
0

**

0
TtT

   

Thus 
*

0

**

0
TT


 …………………………………………...……....(4.11) 

Next, let r>
**

0
T


 

Thus there exists rt1  such that 01

** )t,T(N   

Hence there exists rt1   such that 01}t*T:)1,0(sup{    

If sup{ 01

*
}tT:)1,0( 


, then there exists a sequence }{ k  in 

(0,1) such that k  and 1

*

k
tT 


 for each  k. Therefore 

k,ttindependenlinearlyarex,xand)1,0(:
x,x

)x,x(T
sup 121k*

k121

21



















Thus 1

k121

21
t

x,x

)x,x(T




 for each 2

21 X)x,x(   and 21 x,x  are linearly 

independent. Thus 

k,ttindependenlinearlyarex,xand)1,0(:
x,x

)x,x(T
sup 121

0121

21


















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Thus .rtT 1

*

0



 Therefore 

*

0

**

0
TT


  

If  sup  01

*

0
tT:)1,0( 


, then this implies that, .rt*T 10

  

Thus 
*

0

**

0
TT


 ………………………………………….………..(4.12) 

 From (4.11)and (4.12) we have 
**

0

*

0
TT


  since )1,0(0  is 

arbitrary, thus ).1,0(,BTTT ****



 

Theorem (4.12): 

 Let (X,N) be a fuzzy 2-normed space satisfying 

)FN(and)FN( 87 . Then )N,B( ***  is a complete fuzzy normed linear 

space.  

Proof:- 

 Let }T{ k  be a Cauchy sequence in )N,B( *** . Then 

,....3,2,1p,0teachfor,1)t,TT*(*Nlim pkk
k

 


  

Thus 

)1,0(eachforandkas0TT
*

pkk 
 ………..……...(4.13) 

Now 
 

121

*

pkkpkkpkk x,xTT)x)(TT()x(T)x(T  

For each 2

21 X)x,x(and)1,0(   

Then 2

21pkk X)x,x(eachfornas0)x(T)x(T    

Thus { )}x(Tk  is a Cauchy sequence in F. Since F is complete, so 

)..,F(inexistsy)x(Tlim k
k




 Since this is true for each 

.Xin)x,x( 2

21   Let )x,x(T)x,x(Tlim 2121k
k




 

It can be easily verified  that T is fuzzy  2-bounded linear 

functional. Since )1,0(andnas0TT
*

pkk 
 . Thus for 

any )(N,0   such that ).(Nk,TT
*

pkk    
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Then 

 

2

21

1212121k

2

21121

121

*

pkk21pk21k

X)x,x(and)(Nk

x,x)x,x(T)x,x(Tgetwepletting

,....3,2,1P,X)x,x(),(Nk,x,x

x,xTT)x,x(T)x,x(T

















 

Then 

0t,1)t,TT*(*NlimTherefore

).1,0(,kas0TT

k
k

*

k







  

Hence )N,B( ***  is complete.  
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 ةالضبابي ةالمعياري -2 اتللفضاء ةالضبابي ةالمرافق اتحول الفضاء

 

 فارعة علي جيجاند. م. 
 قسن الزياضيات –كلية العلوم  –الجاهعة الوستنصزية 

 

 :مستخلصال

الوقيد الضبابي كوا تن تقد ين الوعيار -2في هذا البحث قدهنا تعزيف الدالي الخطي 

الوعياري الضبابي كوا تن -2فضاء الوزافق الضبابي للفضاء الضبابي له. وقدهنا ايضا ال

 اعطاء بعض الحقائق الوتعلقه به.

                                                                                                         

 المقيد الضبابي , الفضاء المرافق الضبابي-2الدالي الخطي  -الكلمات المرشدة:

 


