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1. Introduction

The theory of 2-norm on a linear space has been
introduced by Gahler in [1]. In [2], Bag and Samanta introduced a
fuzzy norm on a linear space. The notation of a fuzzy 2-normed
space is introduced in [3]. In this paper we prove conjugate space of
2-normed space is complete and based on the ideas that appeared in
[4], we introduce the definitions of fuzzy 2-bounded linear
functional on fuzzy 2-normed space and fuzzy conjugate space of
fuzzy 2-normed space. Thereafter we give some theorems which is
useful to prove the completeness of fuzzy conjugate space of fuzzy
2-normed space.
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2. Conjugate Space of 2-Normed Space
In this section we give some basic concepts in a 2-normed
space and then study the completeness of the conjugate space.

Definition (2.1), [3]:

Let X to be a linear space over F (where F is the field of real or
complex numbers). A function |..|:X*——>R, satisfy the

following axioms:
(N,) [x;,x,| =0 if and only if x,,x,are linearly dependent.

(NL) X1, X, = X0 %4

(N) [%,¢%,] = [c]|jx,, | forany ceF.
(N ey 2l <[ i+ x 2

is said to be a 2-norm on X and the pair (X,|.,|) is called a 2-
normed space.

Definition (2.2), [5]:
Let (X, |.,|) be a 2-normed space. The linear functional T on

X? is said to be 2-bounded on X? in case there exists M>0 such
that

[T(x,%,)| < M|x,,X,]|, for each (x,,x,) e X?

Proposition (2.3), [5]:
Let T be 2-bounded linear functional on a 2-normed linear
space (X,|.,) then

T =sup) P9 X2) (0 v e X and [, x, | 0
%1%
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is a norm on the linear space of all 2-bounded linear functional
defined on X?°.

Definition (2.4), [5]:

Let (X,|.|) be a 2-normed linear space. We denote by
B(X?,F) the set of all 2-bounded linear functional on X* and we
call it the conjugate space of X?.

Proposition (2.5):

B(X?,F) is a complete normed linear space.

Proof:
Let {T.} be a Cauchy sequence in B(X*F) thus,
Lim“Tk ~T.o[ =0,V p=12,.... Also,

‘(Tk ~Thap) (X1, X, )‘ = HTK T

‘(Tk _Tk+p)(X11X2)‘—_)O as K—— o, V(X;,X,) e X?.Thus

X1, %,[. Then

{T.(x1,%,)} is a Cauchy sequence in F. Since (F,|.[) is complete
then limT, (x;,x,) =y exists in (F.|). Define T:X* —>F by

T(x,,%,)=y then it can be easily verified that T is 2-bounded
linear functional. Hence

‘Tk (lexz) -T (lexz)‘ = HTk _Tk+p

- 1ol < efpa, x|

vk >N(e), (X,,X,) € X?, p=12,....Letting p——> we get
T (X1, %5) = T(Xy, X,)| < X, X, |, ¥ k=N(e) and V(x,,X,) e X>.
Thus

sup {|(Tk ~T)0,X,)

%1%, |

T, —T|<e, Yk > N(e).Then |T, —T|—>0as k——o.

F(Xy,X5) € X2 Xy, X, | # O} <g. Therefore
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Hence B(X?,F)is complete.

3. Fuzzy Normed Linear Space and Fuzzy 2-Normed
Linear Space:

In this section, some definitions and theorems are given which
are used in this work.

Definition (3.1), [2]:

A fuzzy subset N of XxR is said to be a fuzzy norm on a
linear space X in case for each x,yeX and ceF, the following

conditions hold:-
(FN,) N(x,t)=0foreacht<0;
(FN,) N(x,t) =1foreach t >0 ifand onlyif x =0

(FN,) If 0 c € F then N(cx,t) = N(x,l)for each t>0.

d

(FN,) N(x+Yy,s+t) > min{N(x,s), N(y, t) }for each s,t € R.

(FN;) N(x,.) is a non-decreasing function of R and !im N(x,t) =1
The pair (X,N) will be referred to as a fuzzy normed space

Definition (3.2), [2]:

Let (X,N) be a fuzzy normed space, a sequence {x,} in X

is said to be convergent if there exists xeX such that
limN(x, —x,t) =1 for each t>0. In this case, X is said to be limit of

the sequence {x,} and we denote it by limx,. Otherwise, the
sequence is divergent.
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Definition (3.3), [2]:

Let (X,N) be a fuzzy normed space. A sequence {x,} in X
is said to be Cauchy sequence in case iim N(X,., —X,,t)=1for

n+p

each >0 and p=1,2,....

Theorem (3.4), [2]:

Let (X,N) be a fuzzy normed space satisfying the following
two conditions:

(FN4) For each t>0, N(x,t) >0 impliesx =0.

(FN,) For x #0, N(x,.) is a continuous function of R and strictly

increasing on the subset {t:0< N(x,t) <1} of R.

Let |x| =inf{t:N(x,t)>a},a€(01) and N':XxR——>[0]1] be a

function defined by

N'(x.1) = supfae (0.0):|x| <t} for (x,t) = (0,0
for (x,t) = (0,0)

Then,N'=N.

Definition (3.5), [6]:-

A fuzzy subset N of X?xRinto [0,1] is said to be a fuzzy 2-
norm on the linear space X in case the following axioms hold:

(FN;) N(x,,x,,t)=0 for each t<0.

(FN,)N(x;,x,,t)=1foreach t > 0if and only if x,,x, are linearly
dependent.

(FN3)N(X1,X2,t) = N(Xz,Xl,t).

(FN,) If 0#ceR then N(x,,cX,,t) = N(xl,xz,é) foreach t > 0.

(FN;) for eachs,teR

N(X,z+Yy,s+1t) > min{N(Xx,z,s),N(x,y,t)}
Journal of Al Rafidain University College 131 ISSN (1681 — 6870)



On Fuzzy Conjugate Spaces of Fuzzy... Faria Ali C. Issue No. 33/2014

(FNg) N(x;,x,,.) is a non-decreasing function of R and
!imN(xl,xz,t):l

The pair (X,N) will be referred to a fuzzy 2-normed space.

Theorem (3.6), [7]:

Let (X,N) be a fuzzy 2-normed space satisfying the following
conditions:

(FN,) For each t > 0,N(x,,X,,t) >0 impliesx,,x, are linearly
dependent.

(FNg) For x,,x, are linearly, N(x,,x,,t)is a continuous function

of teR and strictly increasing in the
subset{t: 0 < N(x,,X,,t) <I}of R.

Let [x,,X, [, =inf{t: N(x,,x,,t) > a}, a (0,1) and
N’: X*xR——[0]1] is defined by

supfor € (0.0) : X, X, ||, <t} when x,, X, are linearly

independent,t =0
0 otherwise

N'(Xl’XZ!t) =

Then
(@) .| | e (0D} is an ascending family of o—2—norms

corresponding to the fuzzy 2-normed space (X,N).
(b) (X,N") is afuzzy 2—normedspace.
(c) N=N

4.Fuzzy Conjugate Space of Fuzzy 2-Normed Space:

We start this section by the following remark.
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Remark (4.1), [2]:
Let (X,||) be anormed linear space. Define

0 ift<|x|.,teR, xeX

* —
N (X’t)_{l ift>[x], teR, xe X

For each xeX and teR. Then (X,N*) is a fuzzy normed linear
space.

Definition (4.2):

Let T:(X,N)——(F,N*)be a linear functional where (X, N)
be a fuzzy 2-normed linear space and N* be a fuzzy norm defined
in eq.(4.1). T is said to be fuzzy 2-bounded on X?* in case there
exists a positive number M such that,

N*(T(x;,X,),8) > N(xl,xz,%), for each s>0. We denote the set of

all fuzzy 2-bounded linear functional on X* by B*.

Note (4.3):

Let T be a fuzzy 2-bounded linear functional on X*. If
X;,X,are linearly dependent then T(x,,x,)=0.

Next, the definition of the uniformly bounded of linear
operator with respect to the fuzzy normed space due to Bag and
samanta appeared in [4]. With the aid of this definition we give the
definition of uniformly 2-bounded of linear functional with respect
to the fuzzy 2-normed space due to Narayauan and Vijayabalaji [3].

Definition (4.4):

Let T:(X,N)——(F,N*)be a linear functional where (X,N)
be a fuzzy 2-normed linear space satisfying (FN,) and (F,N*) be a
fuzzy normed space where N* defined in eq.(4.1). T is said to be
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uniformly 2-bounded in case there exists M>0 such that
[T(X,,%,)| < M|x, %, |, for each ae(0]).

Theorem(4.5):
Let (X,N) be a fuzzy 2-normed linear space satisfying (FN,)

and T:(X,N)——(F,N*) be a linear functional. If T is fuzzy 2-
bounded linear functional then T is uniformly 2-bounded.

Proof:
Suppose that T is fuzzy 2-bounded linear functional thus

there exists M>0 such that N*(T(x,,X,),s) > N(xl,xz,%) fors>0

Then N*(T(x,,X,),s) = N(X,,MXx,,s)

Now [x,,Mx, | <t then inf{s:N(x,,Mx,,s) > o} <t

Thus there exists s, <t such that N(x,,Mx,,s,) >a. This implies

that N*(T(x,,X,),S,) = a.

Hence [T(x,,X,)|<s, <t. Then

[T(Xy,%,)| < M|x,,X,|, . This implies that T is uniformly 2-bounded

Theorem (4.6):

B* is a linear space.

Proof:

Let T,,T,eB*, then there exist two positive numbers
M, and M, such that for each (x,,x,) e X*.

N* (T, (X, X,),8) > N(xl,xz,Mi),t >0,
1

and
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N*(T, (X, X, 1) > N(xl,xz,ML),t 0
2

Thus for any two non-zero scalars o.and we have
N*((aT, +AT,)(X, %), 1)

> min{N*(och(xl,xz),%), N*(KTZ(Xl,Xg)%)}

. t t
> mln{N(xl, xz,w], N(xl,xz,mj}
1 2

Choose M = Max{2|o|M,,2A|M,}+1.Thus
M > 2/a/M, and M > 2]|M,

t

_ for eacht > 0. Hence
2|7b||\/|2

>

This implies that _t > L and L
M M

2lojM,

t t
N| X,,X,,——— [>N| X,,X,,—
(122|oc|MJ [lej

and

t t
Nl X,,X,,———— | = N| X,,X,,— |.
[1 22|)\4|M2J (1 ZMj

Therefore, N*((aT, +AT,)(X;,X,),t) > N(xl,xz,ﬁj for each t>0.

This implies that oT, + AT, € B* for each aoand\. e R. Hence B* is
a linear space.

Note (4.7):

Let (X,N) be a fuzzy 2-normed linear space, we call B*, the
fuzzy conjugate space of X,
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Theorem (4.8):

Let (X,N) be a fuzzy 2-normed linear space satisfying the
conditions (FN,) and (FN,).

Then for any increasing (or decreasing) sequence {o,} in (0,1),
o, ——>a € (0) implies|x;, X, [, ——{x,,x,|,, for each

(X;,%,) € X?
Proof:-

For x,,x, are linearly dependent it is clear that o, ——a
implies [x;,X,], ——{X..X,[, - Suppose x,,x, are linearly
independent and let {o,} be an increasing sequence in (0,1) such
that o, ——0c e (01). Let [x;,X,[ . =t, and [x;,x,[, =t. Then

N(X,, X,,t,) =0, and

Since {|..| :a (01} is an increasing family of 2-norms, {t,} is an

increasing sequence of real numbers and it is bounded above by t.
Hence{t,} is converge. Thus Ikim N(X, X5, t,) :Il(imock and

N(xl,xz,limtk) e TS USSR (4.3)
From eq.(4.2) and eq.(4.3) we have
N(x;, X, limt, ) = N(x,, x,,t) . Therefore, II(iﬁrgj|xl,x2||mk =[x,, %],

Similarly, if {a,} is a decreasing sequence in (0,1) and
{o, }——>a €(0,), then it can be shown that
X1 %] . =Xy %[, foreach (x;,x,) e X*.

Theorem (4.9):

Let X be a linear space and {]...|, : a € (0,))}be an ascending
family of 2-norms on X. Assume further that for any increasing (or
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decreasing) sequence {o, } in (0,1) and o, ——>a implies
Xy %, —A%1. ||, for each (x;,x,) e X, define

NG, X, £) = sup{o € (01) : [, X,[ <t} whenx,,x, arelinearly independent, t = 0
Y20 otherwise

X0 X, . = infgt: N, X, 1) 2 a0 € (O) oo (4.5)

Then [x,,X,|  =[x.,%,|| Vo e (0,1)

Proof:

For x,,X, linearly dependent it is clear that
||x1,x2||a' =[x,,%,| =0,Va e(0). Suppose x,,x, are linearly
independent. Leta, e (02). Putting [x,, X[, =t,. Then t, >0.
From eq.(4.4) we get N(x,,X,,t,)>0a,. Now from eq.(4.5) we get

!
X1, X5 g <to :||x1,x2||mO .............................................. (4.6)

Next let r >||X1,X2||loc0

Then there exists t, <r such that N(x,,X,,t,)>a,. Thus

supfac € (0) : [x,, X, [, <t,}>a,. If sup{oe (0):[x,,%,[, <t;}=0,,
then there exists an increasing sequence {o, } in (0,1) such that

o T and [x;, [, <t

Thus|jx,,x,[, <t, <r.On other hand, if
supfac e (0) : X, X, [, <t,}>ay
Then it follows that [x;,x,[, <t <r.

Thus

’
e Kol 2 X1 Xoll v 4.7)
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From eq.(4.6) and eq.(4.7) we get ||x,, x2||’0L0 = ||xl,x2||m0 for each
(X,,X,) € X?. Since a, (0,1)is arbitrary

X X5 @ =[X00 X[, V(X1,%,) € X?,0.€(0,))

Definition (4.10):-

Let (X,N) be a fuzzy 2-normed linear space satisfying (FN,)
and (FNg) and T be a fuzzy 2-bounded linear functional, we
define

s =Sup{
Again we define

N*H(T.8) - suplec 01):[T[ <sf  for (T,8)=(00)
’ 0 otherwise

[T(x1,%,))

:Vae(0land x,,X, are linearly independent
X0 %],

It is easy to check that N** is a fuzzy norm on B*

Lemma (4.11):-
Let (X,N) be a fuzzy 2-normed linear space satisfying
(FN,) and (FNg), N* be the fuzzy norm on X defined in eq.(4.1)

and T be a fuzzy 2-bounded linear functional. Let N** be the fuzzy
norm on B* defined by eq.(4.8)

Let

IT|. =inf{t:N**(T,)2a} VTeB Vaec(0l....ccernrnnn. (4.9)
Then

I, =1l
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Proof:

By theorem (4.8) we have for any increasing (or decreasing)
sequence {o, } in (0,1) such that o, - a € (0,2

X Xol . = X0 %ol foreach (x;,x,)eX?................ (4.10)

l-ak
If T=0 then |T|| =0=|T| for each a.e(02)
If T+=0.Let o, (01)and putting

[TI}, =to then N**(T,t;) 2 a1,

e
(o}

Hence from eq. (4.9) we have ||, <t, =T

ag
Thus
||T||m0 < ||T||0L0 ............................................................. (4.11)

Next, let r>[ T

Thus there exists t,<r such that N™(T,t,) > q,

Hence there exists t, <r such that sup{o € (0,1) :T|*, <t,}>a,

If sup{a < (0,1) :||T||; <t,}=a,, then there exists a sequence {a, } in
(0,1) such that a, T o and T, <t, foreach k. Therefore

T(X,,X ] .
su _ Yo, €(01) and x,,x, are linearlyindependent; <t,,
p{| (X1, X2) Va, €(0,1) and x,,X, | ly independ 1, VK

||X1,X2 I-ak
T(X,,X .
Thus Mstl for each (x,,x,)eX? and x,,x, are linearly
”Xl’ X, ||1—ak
independent. Thus
T(x,,X i .
sup %:Vae(o,n and x,,x, are linearlyindependent ; <t,,Vvk
X1 Xl oo
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Thus ||T||m0 <t, <r. Therefore ||T||’:O > ||T||q0

If sup {oc € (0,1):||T||;0 < tl}> a,, then this implies that, |T|*, <t, <r.
Thus
[Ty 2Ty e (4.12)

From (4.11)and (4.12) we have |T

*
[eF

0 :”T”:O since a, €(0,1)is
arbitrary, thus [T =|T|. vTeB",Va e (0.
Theorem (4.12):

Let (X,N) be a fuzzy 2-normed space satisfying
(FN,)and (FN;) . Then (B",N™) is a complete fuzzy normed linear

space.

Proof:-
Let {T.} be a Cauchy sequence in (B",N™). Then

Lim N**(T, —T,,,,t)=1 foreacht>0, p=123,....
Thus
1T =T u —0ask—oand foreacha e (01)........ccco........ (4.13)

Now ‘Tk (X) =Ty (X)‘ = ‘(Tk - Tk+p)(x)‘ < HTk —Tip :;”Xy X2||1,a

For each a e (0,0) and (x,,X,) € X?
Then [T, (X) — T, ()| >0 as n — oo for each (x,,X,) € X’

Thus { T, (x)} is a Cauchy sequence in F. Since F is complete, so
limT, (x) =y exists in(F, l]- Since this is true for each

(X,,X,) in X?. Let limT, (X, %,) =T(X;,X,)

It can be easily verified that T is fuzzy 2-bounded linear
functional. Since [T, —T,,| —0asn—cand Vae(01). Thus for

anye >0, IN,(e) such that [T, T, <&,V k=N, (e).
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Then

T (X0 %) = T (%0, X0)| <[ T = T ;||x1,x2||17a
<e||x1,x2||17a, vV k>N,_(g), V(X,,X,) e X?, P=123,....
lettingp — o we get |T, (X;,X,) = T(X;, X, )| < g Xy, X,
vV k>N_(e)and V(x,,X,)eX?

Then

+p

||Tk —T||; —>0as k—a, Vae(0l).
ThereforeII(imN”""('I’k -T,t)=1, vt>0

Hence (B",N™) is complete.
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